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We introduce an operator linked with the radial index in the Laguerre-Gauss modes of a two-dimensional
harmonic oscillator in cylindrical coordinates. We discuss ladder operators for this variable, and confirm that
they obey the commutation relations of the su(1,1) algebra. Using this fact, we examine how basic quantum
optical concepts can be recast in terms of radial modes.
PACS numbers: 42.50.Dv, 42.50.Tx, 42.25.–p, 03.67.–a.Ci,03.30.+p
I. INTRODUCTION
An optical vortex is a light field exhibiting a pure screw
phase dislocation along the propagation axis; i.e., an az-
imuthal phase dependence exp(iℓϕ). The integer ℓ plays the
role of a topological charge: the phase changes its value by
ℓ cycles of 2pi in any closed circuit about the axis, while the
amplitude is zero there [1].
One of the most intriguing properties of vortices is that they
carry orbital angular momentum (OAM). This was first real-
ized by Allen and coworkers [2] for the important instance of
Laguerre-Gauss (LG) laser modes. Furthermore, they demon-
strated that these modes carry an OAM of ℓh¯ per photon along
the propagation direction.
A useful feature of optical OAM is that it can be easily ma-
nipulated and transferred; this has opened new horizons in var-
ious fields, ranging from mechanical micro-manipulation [3]
to imaging sciences [4, 5], as well as potential astronomi-
cal [6, 7] and communication applications [8]. Beyond optical
wavelengths, OAM now plays a major role in electron [9–12],
x-ray [13–15] and radio frequency engineering [16–18].
The core observation that individual photons also carry
OAM brings the most exciting possibilities for employing this
variable in the quantum regime, and a number of uses has al-
ready been demonstrated [19–24]
Despite this intense activity, very little attention has been
paid thus far to the radial index p of the LG modes. Usually, it
is stated that for p > 0, the modes are multiringed with p+ 1
radial nodes. Beyond this short mention, no physical mean-
ing is attached to this quantity. Two recent papers, however,
have presented challenging and interesting insights into this
issue [25, 26]. Our purpose here is to present a simple com-
prehensive analysis of this variable.
The two aforementioned papers considered optical modes,
governed by the paraxial wave equation. These modes are
ultimately suitably rescaled wave functions of the station-
ary states of a two-dimensional quantum oscillator, under the
Schro¨dinger equation [27]. Since this latter system can prop-
erly model other interesting vortices arising in different media
(as in plasmas [28], superfluids [29], and Bose-Einstein con-
densates [29]), the oscillator will serve as our thread, bearing
in mind that the results can be immediately translated to the
optical case.
II. STATIONARY STATES OF A TWO-DIMENSIONAL
OSCILLATOR
A. Cartesian coordinates
To be as self-contained as possible, we briefly review the
example of an isotropic two-dimensional quantum harmonic
oscillator of mass m and natural frequency ω , with coordi-
nates in two orthogonal axes, say x and y [30, 31]. The Hamil-
tonian can be compactly written as ˆH = h¯ω(nˆ+ ˆ1 ), where the
total number operator nˆ is
nˆ = nˆx + nˆy = aˆ
†
x aˆx + aˆ
†
yaˆy , (2.1)
and the annihilation and creation operators fulfil the canonical
commutation relations [aˆ j, aˆ†k] = δ jk ˆ1 , with j,k∈{x,y}. Since
the spectrum of nˆ j is composed of all non-negative integers n j,
the energies are given by Enx,ny = h¯ω(nx + ny + 1) and these
eigenvalues are (nx + ny + 1)-fold degenerate.
Elements of the Fock basis are the common eigenvectors of
nˆx and nˆy:
|nx,ny〉= 1√
nx!ny!
(aˆ†x)
nx(aˆ†y)
ny |0,0〉 , (2.2)
where |0,0〉 is the ground state. The stationary states of the
oscillator are the product of Hermite-Gauss modes, as the os-
cillations in each axes are kinematically independent:
Ψnxny(x,y) =
√
α2
pi 2nx+nynx!ny!
Hnx(αx)Hny(αy)
× exp[−α2(x2 + y2)/2] , (2.3)
with α =
√
mω/h¯. To recover the equivalent beam solutions,
one needs to take α =
√
2, since the paraxial wave equation
2(in adimensional coordinates) coincides with the Schro¨dinger
equation for the oscillator when m = 2h¯ and ω = 1.
For our purposes, the solution at t = 0 is enough. The wave
function at any other time can be obtained in a simple way by
using the explicit form of the propagator. For beams, where
the role of time is played by the coordinate z along the symme-
try axis, this propagation brings about additional interesting
points, such as the Gouy phase.
B. Cylindrical coordinates
The axes x and y do not enjoy a privileged role in the prob-
lem. Since the energy is invariant under rotations in the xy
plane, we could as well have chosen any other rotated refer-
ence frame. To take a better advantage of this symmetry, we
consider the z-component of the angular momentum, ˆLz = h¯ ˆℓ,
with ˆℓ = i(aˆ†y aˆx − aˆ†x aˆy), and use the rotated bosonic opera-
tors [32]
aˆ± =
1√
2
(aˆx∓ iaˆy) , aˆ†± =
1√
2
(aˆ†x ± iaˆ†y) , (2.4)
where [aˆ j, aˆ†k ] = δ jk ˆ1 , with j,k ∈ {+,−}. We can then check
that
nˆ = nˆ++ nˆ− , ˆℓ= nˆ+− nˆ− , (2.5)
whose interpretation is direct: the system can be envisioned
now as consisting of “quanta” with positive (counterclockwise
rotation around z) and negative (clockwise rotation around z)
orbital angular momentum.
The Fock basis {|n+,n−〉} of the common eigenvectors of
nˆ+ and nˆ− can be constructed much in the same way as in
Eq. (2.2). However, it will prove useful to consider instead
the continuous set
|η〉= exp
(
−12 |η |
2 +η aˆ†+−η∗aˆ†−+ aˆ†+aˆ†−
)
|0,0〉 , (2.6)
parametrized by the complex number η = r exp(−iϕ). The
states |η〉 constitute an orthonormal basis, whose properties
have been reviewed in depth in Ref. [33]. In the represen-
tation they generate [ψ(η) = 〈η |ψ〉], the action of the basic
operators is
aˆ+ψ(η) =
(η
2
+
∂
∂η∗
)
ψ(η) ,
(2.7)
aˆ−ψ(η) =−
(η∗
2
+
∂
∂η
)
ψ(η) ,
while for the adjoints we have
aˆ
†
+ = aˆ−−η∗ , aˆ†− = aˆ+−η . (2.8)
Since the exponential acting on the vacuum in Eq. (2.6) is not
unitary, the creation and destruction operators are not conju-
gates one of the other under the usual boson conjugation.
Given the above, nˆ and ˆℓ act in this space as
nˆ 7→ r
2
2
− 1
2
( ∂ 2
∂ r2 +
1
r
∂
∂ r +
1
r2
∂ 2
∂ϕ2
)
− 1 ,
(2.9)
ˆℓ 7→ −i ∂∂ϕ .
As [ ˆℓ, nˆ] = 0, the basis {|n+,n−〉} can be reinterpreted as
common eigenvectors of nˆ and ˆℓ, with eigenvalues n = n++
n− and ℓ= n+−n−, respectively. The stationary states in this
basis can be readily obtained using Eqs. (2.9); the final result
is
Ψnℓ(r,ϕ) = Anℓ(r)eiℓϕ , (2.10)
where the normalized amplitude is
Anℓ(r) =
√
2α2 p!√
(p+ |ℓ|)! e
−α2r2/2(αr)|ℓ|L|ℓ|p (α2r2) , (2.11)
Lℓp(x) are the generalized Laguerre polynomials and we
have written p = (n− |ℓ|)/2. The probability distribution
|Ψnℓ(r,ϕ)|2 shows p dark concentric rings.
III. QUANTUM OPTICS WITH RADIAL MODES
A. The radial number operator
Since the number of dark rings is p = (n−|ℓ|)/2, the oper-
ator
pˆ =
1
2
(nˆ−| ˆℓ|) =


nˆ− for ℓ > 0 ,
nˆ+ for ℓ < 0 ,
(3.1)
seems to be a sensible definition for the radial-number opera-
tor of the Laguerre-Gauss modes. According to Eq. (2.9), in
differential form it reads
pˆ 7→ −1
4
( ∂ 2
∂ r2 +
1
r
∂
∂ r +
1
r2
∂ 2
∂ϕ2
)
+
i
2
∂
∂ϕ +
1
2
r2
2
− 1
2
.
(3.2)
Incidentally, it coincides with the operator found in Ref. [26]
by setting r → αr.
To simplify the following discussion, let us, for the time
being, relabel the stationary states |n, ℓ〉 as |p, ℓ〉, where p in-
dicates the radial mode eigenvalue; i.e.,
pˆ|p, ℓ〉= p|p, ℓ〉 . (3.3)
As heralded in the Introduction, we are interested in exploring
the Hilbert space associated with the radial number p, while
keeping the OAM ℓ fixed. At first sight, one might look for
the canonical conjugate variable to pˆ. Since, according to
Eq. (3.1), pˆ = nˆ− or nˆ+ (depending on the sign of ℓ), such
a variable would be a phase ˆφ− or ˆφ+. This means that if
3we denote by eˆ = exp(i ˆφ±) the exponential of such a putative
phase, the corresponding commutation relation will read [34]
[eˆ, pˆ] = eˆ . (3.4)
This immediately implies
eˆ =
∞
∑
p=0
|p, ℓ〉〈p+ 1, ℓ| , (3.5)
so that
eˆ|p, ℓ〉= |p− 1, ℓ〉 , eˆ†|p, ℓ〉= |p+ 1, ℓ〉 . (3.6)
Whereas the spectrum of ˆℓ is unbounded, including all the in-
teger numbers, the spectrum of pˆ is semibounded, as it com-
prises only non-negative integers. This indicates that the ac-
tion of eˆ as a ladder operator fails at p = 0, and consequently
it cannot be unitary:
eˆeˆ† = ˆ1 , eˆ†eˆ = ˆ1 − ˆP0 , (3.7)
where ˆP0 = |0, ℓ〉〈0, ℓ| is the projector on the “vacuum.”
All these problems thus place this interpretation on shaky
grounds. For this reason, we prefer to follow an alternative
route. To this end, we observe that to increase ( decrease)
the radial number by one unit, with ℓ unchanged, we need
to create (annihilate) one positive quantum and one negative
quantum, namely
ˆk+|p, ℓ〉= aˆ†−aˆ†+|p, ℓ〉 ∝ |p+ 1, ℓ〉 ,
(3.8)
ˆk−|p, ℓ〉= aˆ−aˆ+|p, ℓ〉 ∝ |p− 1, ℓ〉 .
One can check that
[ˆk+, ˆk−] =−2ˆkz , [ˆkz, ˆk+] = ˆk+ , [ˆkz, ˆk−] =−ˆk− , (3.9)
with ˆkz = (nˆ+ ˆ1 )/2. This means that if we define ˆk± = ˆkx±
iˆky, we have
[ˆkx, ˆky] =−iˆkz , [ˆky, ˆkz] = iˆkx , [ˆkz, ˆkx] = iˆky , (3.10)
that is, they are the generators of the su(1, 1) algebra, as first
noticed in Ref. [25].
B. Radial coherent states
To explore the issue in more detail, it is convenient to
give some basic background on some well-known irreducible
representations (irreps) of SU(1,1), which are excellently re-
viewed in Ref. [35] and whose role in quantum optics is diffi-
cult to underestimate [36–45].
The Casimir operator for this group is ˆK2 = ˆk2z − ˆk2x −
ˆk2y , which can be expressed as ˆK2 = k(k− 1) ˆ1 , where the
Bargmann index k labels the different irreps (this index plays
the role of spin for rotations). In our case, a simple calculation
shows that k = (|ℓ|+ 1)/2, so that k = 1/2,1,3/2, . . ., which
corresponds to the so-called positive discrete series, for which
ˆkz is diagonal and has a discrete spectrum. In the Fock basis
{|n+,n−〉}, the basis states of the irrep k are {|k,k+ p〉}, with
p = 0,1, . . ., and hence
ˆkz|k,k+ p〉= (k+ p)|k,k+ p〉 , (3.11)
while the ladder operators act as
ˆk+|k,k+ p〉=
√
(2k+ p)(p+ 1)|k,k+ p+ 1〉 ,
(3.12)
ˆk−|k,k+ p〉=
√
p(2k+ p− 1)|k,k+ p− 1〉 .
Note that we can make the identification |p, ℓ〉 ↔ |k,k + p〉,
provided k = (|ℓ|+ 1)/2.
Since ˆk−|k,k〉 = 0, this state can be taken as the vacuum.
Indeed, ˆD(ξ ) = exp(ξ ˆk+− ξ ∗ˆk−) are truly displacement op-
erators, so according to Perelomov prescription [46], the set
|ζ 〉= ˆD(ξ )|k,k〉 (3.13)
constitutes a family of bona fide coherent states
parametrized by the pseudo-Euclidean unit vector n =
(sinhω cosϕ ,sinhω sin ϕ ,coshω), with ξ = (ω/2)exp(iϕ)
and ζ = tanh(ω/2)exp(−iϕ).
By expanding the exponential and employing the disentan-
gling theorem, we get the decomposition
|ζ 〉= (1−|ζ |2)k
∞
∑
p=0
√
Γ(2k+ p)
p!Γ(2k) ζ
p|k,k+ p〉 , (3.14)
and by projecting over the complete basis |η〉 we get the cor-
responding wave function Ψζ (r,ϕ) in the transverse param-
eters. The expression can be simplified into an exponential
form using the identity
exp
(
γx
γ− 1
)
= (1− γ)1+|ℓ|
∞
∑
p=0
γ pL|ℓ|p (x) , (3.15)
so the final result is
Ψζ (r,ϕ) =
√
α2
pi |ℓ|!
[
1−|ζ |2
(1− ζ )2
] |ℓ|+1
2
e
ζ+1
ζ−1 α2r2/2(αr)|ℓ|eiℓϕ .
(3.16)
We see that the Perelomov coherent states are polynomial-
Gauss modes at t = 0; a subfamily of Hypergeometric-Gauss
modes upon evolution, as discussed in Ref. [47]. They are
also eigenstates of the OAM, and shape invariant in the time
evolution.
The average number of sharp rings in the state |ζ 〉 is
p¯ =
|ζ |2
|ζ |2− 1(|ℓ|+ 1) , (3.17)
and the statistical distribution of rings Wp = |〈p, ℓ|ζ 〉|2 is
Wp =
(|ℓ|+ 1)|ℓ|+1(p+ |ℓ|)!
p!|ℓ|!
p¯p
(p¯+ |ℓ|+ 1)p+|ℓ|+1 .(3.18)
In Fig. 1 we have plotted this distribution for a coherent state
with ℓ= 1 and different values of p¯. In Fig. 2, we have plotted
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FIG. 1. (Color online). Probability distribution Wp for a coherent
state |ζ 〉 with ℓ= 1 as as a function of p and the ring average number
p¯.
|Ψζ (r,ϕ)|2 for a coherent state with ℓ= 1 and 〈pˆ〉= 1, and the
corresponding distribution for the Laguerre-Gauss eigenstate
with p = 1. The striking differences can be appreciated at a
glance.
It is worth mentioning that there is an alternative definition
of coherent states, due to Barut and Girardello [48]:
ˆk−|ζ 〉BG = ζ |ζ 〉BG , (3.19)
which appears as a reasonable generalization of the standard
coherent states as eigenstates of the annihilation operator.
This equation can be solved in the |p, ℓ〉 basis, yielding
|ζ 〉BG = |ζ |
ℓ/2√
Iℓ(2|ζ |)
∞
∑
p=0
ζ p√
p!(p+ |ℓ|)! |p, ℓ〉 , (3.20)
where Iℓ(x) is the modified Bessel function. Projecting again
in the transverse coordinates we get, after some calculations,
Ψζ ,BG(r,ϕ) =
√
α2
piI|ℓ|(2|ζ |2)e
(ζ 2−α2r2/2)J|ℓ|(2ζ r)eiℓϕ .
(3.21)
This set of coherent states are thus realized as Bessel-Gauss
modes. However, these solutions are not shape invariant,
which runs against the notion of coherence.
C. Radial intelligent and squeezed states
The commutation relations (3.9) imply that these operators
cannot be measured simultaneously, which is reflected by the
uncertainty relation
∆ˆkx ∆ˆky ≥ 12 |〈ˆkz〉| , (3.22)
where ∆ ˆA = [〈 ˆA2〉−〈 ˆA〉2]1/2 stands for the variance. Accord-
ing to the standard definition, squeezing occurs whenever [49]
(∆ˆkx)2 ≤ 12 |〈ˆkz〉| or (∆ˆky)2 ≤ 12 |〈ˆkz〉| . (3.23)
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FIG. 2. (Color online). Intensity profiles |Ψ(r,φ)|2 for a radial coher-
ent state |ζ 〉 written as in (3.16), with 〈p〉 = 1 and for an eigenstate
|p, ℓ〉 with p = 1 and ℓ= 1. In the inset, we show the corresponding
density plots, in the same order.
Intelligent states are those for which (3.22) holds as an equal-
ity. The coherent states (3.16) and (3.21) are intelligent but
not squeezed.
Indeed, these intelligent states are solutions of the eigen-
value problem [50]
(ˆkx− iλ ˆky)|Ψλ 〉= Λ|Ψλ 〉 , λ ∈ R . (3.24)
Although they have been investigated from various perspec-
tives [51–53], we follow here the comprehensive approach
of Ref. [54], which starts by noting that the coherent state
exp(iτ ˆky)|k,k〉 is intelligent provided λ = coshτ [with eigen-
value Λ = −(k+M)sinhτ , and M = 0,1, . . . an integer num-
ber]. Then, the most general intelligent state can be written
as
|Ψℓ,M(τ)〉= exp(iτ ˆky)|κkM(τ)〉 , (3.25)
where τ is the squeezing parameter and the seed state |κkM〉
can be expressed as
|κkM(τ)〉 =
M
∑
p=0
ckp(τ)|k,k+ p〉 . (3.26)
The coefficients ckp can be obtained as a recursion relation; the
final result reads
ckp =
(
M
p
)
tanhp τ(2k+p−1
p
)1/2 ck0 , (3.27)
and ck0 is fixed by the normalization of the state. The infinite
family (3.25) of states parametrized by k and M is actually
squeezed.
Next, we need to project exp(iτ ˆky)|κkM(τ)〉 on the basis
|k,k+ p〉. To this end, we recall that the action of exp(iτ ˆky)
on a basis state |k,k+ p〉 is given in terms of SU(1,1) Wigner
d-functions [55]
exp(iτ ˆky)|k,k+ p〉=
∞
∑
p′=0
dkk+p,k+p′(−τ) |k,k+ p′〉 . (3.28)
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FIG. 3. (Color online). Intensity profiles |Ψ(r,ϕ)|2 for intelligent
states with M = 10 and τ = 1/2 for several values of ℓ: ℓ= 1, ℓ= 10,
and ℓ = 20. The inset shows the corresponding density plots, in the
same order.
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FIG. 4. (Color online). Intensity profiles |Ψ(r,ϕ)|2 for intelligent
states with M = 11 and ℓ = 3 for several values of τ: τ = 16/5,
τ = 13/10, and τ = 3/5. The inset shows the corresponding density
plots, in the same order.
In this way, we get, expressed in transverse coordinates
ΨℓM(r,ϕ ,τ) =
∞
∑
p′=0
M
∑
p=0
dkk+p′,k+p(−τ)ckp(τ)Ap 2k−1(r)eiℓϕ ,
(3.29)
where Apℓ has been defined in Eq. (2.11). The effect of in-
creasing ℓ, for fixed p and τ , is illustrated by plotting the in-
tensity profile |Ψℓ,M(r,ϕ ,τ)|2 as a function of r in Fig. 3: this
intensity tends to a Gaussian-like shape. The effect of increas-
ing τ for fixed ℓ and M is illustrated in Fig. 4, and leads to the
appearance of rings as we increase τ .
For large values of ℓ (more concretely, for k and p large, but
p/k ≪ 1), one has at hand a compact asymptotic approxima-
tion to the d functions, namely [56]
dkk+p,k(τ)≃
1
[(k+ p)2− k2]1/4 e
−k(τ−τp)2/2 , (3.30)
with coshτp = (k + p)/k and whose Gaussian nature is evi-
dent.
IV. CONCLUDING REMARKS
In summary, we have provided a handy toolbox to deal with
the radial index of Laguerre-Gauss modes and shown how it
can be used to construct a consistent quantum theory of this
variable. We stress that this is more than an academic curios-
ity, since recent experiments in our laboratory [57] have con-
firmed that the radial degree of freedom of single photons can
be manipulated individually in a quantum regime. It is our
hope that the results presented here will inspire novel quan-
tum protocols and algorithms using such a “forgotten quantum
number”.
ACKNOWLEDGMENTS
E. K. and R. W. B. acknowledge the support of the Canada
Excellence Research Chairs (CERC) Program. The work of
H. G. is supported by the Natural Sciences and Engineering
Research Council (NSERC) of Canada. J. R. and Z. H. are
grateful to the financial assistance of the Technology Agency
of the Czech Republic (Grant TE01020229) and the Czech
Ministry of Industry and Trade (Grant FR-TI1/364). G. L. is
partially funded by EU FP7 (Grant Q-ESSENCE). Finally, P.
H. and L. L. S. S. acknowledge the support from the Spanish
MINECO (Grant FIS2011-26786).
[1] J. Torres and L. Torner, eds., Twisted Photons: Applications
of Light with Orbital Angular Momentum. (Wiley-VCH, Wein-
heim, 2011).
[2] L. Allen, M. W. Beijersbergen, R. J. C. Spreeuw, and J. P. Wo-
erdman, Phys. Rev. A 45, 8185 (1992).
[3] M. J. Padgett, J. Molloy, and D. McGloin, eds., Optical Tweez-
ers (Chapman and Hall, London, 2010).
[4] C. Maurer, A. Jesacher, S. Bernet, and M. Ritsch-Marte, Laser
Photon. Rev. 5, 81 (2011).
[5] N. Uribe-Patarroyo, A. Fraine, D. S. Simon, O. Minaeva, and
A. V. Sergienko, Phys. Rev. Lett. 110, 043601 (2013).
[6] M. Elias, N., Astron. Astrophys. 492, 883 (2008).
[7] F. Tamburini, B. Thide, G. Molina-Terriza, and G. Anzolin,
Nat. Phys. 7, 195 (2011).
[8] J. Wang, J.-Y. Yang, I. M. Fazal, N. Ahmed, Y. Yan, H. Huang,
Y. Ren, Y. Yue, S. Dolinar, M. Tur, and A. E. Willner, Nat.
Photon. 6, 488 (2012).
[9] M. Uchida and A. Tonomura, Nature 464, 737 (2010).
[10] J. Verbeeck, H. Tian, and P. Schattschneider, Nature 467, 301
(2010).
[11] B. J. McMorran, A. Agrawal, I. M. Anderson, A. A. Herzing,
H. J. Lezec, J. J. McClelland, and J. Unguris, Science 331, 192
(2011).
6[12] E. Karimi, L. Marrucci, V. Grillo, and E. Santamato, Phys. Rev.
Lett. 108, 044801 (2012).
[13] A. G. Peele, P. J. McMahon, D. Paterson, C. Q. Tran, A. P.
Mancuso, K. A. Nugent, J. P. Hayes, E. Harvey, B. Lai, and
I. McNulty, Opt. Lett. 27, 1752 (2002).
[14] K. A. Nugent, Adv. Phys. 59, 1 (2009).
[15] E. Hemsing, A. Knyazik, M. Dunning, D. Xiang, A. Marinelli,
C. Hast, and J. B. Rosenzweig, Nat. Phys. 9, 549 (2013).
[16] B. Thide´, H. Then, J. Sjo¨holm, K. Palmer, J. Bergman, T. D.
Carozzi, Y. N. Istomin, N. H. Ibragimov, and R. Khamitova,
Phys. Rev. Lett. 99, 087701 (2007).
[17] S. M. Mohammadi, L. K. S. Daldorff, K. Forozesh, B. Thide´,
J. E. S. Bergman, B. Isham, R. Karlsson, and T. D. Carozzi,
Radio Sci. 45, RS4007 (2010).
[18] F. Tamburini, E. Mari, A. Sponselli, B. T. A. Bianchini, and
F. Romanato, New J. Phys. 14, 033001 (2012).
[19] A. Mair, A. Vaziri, G. Weihs, and A. Zeilinger, Nature 412, 313
(2001).
[20] G. Molina-Terriza, A. Vaziri, J. ˇReha´cˇek, Z. Hradil, and
A. Zeilinger, Phys. Rev. Lett. 92, 167903 (2004).
[21] S. S. R. Oemrawsingh, A. Aiello, E. R. Eliel, G. Nienhuis, and
J. P. Woerdman, Phys. Rev. Lett. 92, 217901 (2004).
[22] L. Marrucci, E. Karimi, S. Slussarenko, B. Piccirillo, E. San-
tamato, E. Nagali, and F. Sciarrino, J. Opt. 13, 064001 (2011).
[23] G. Molina-Terriza, L. Rebane, J. P. Torres, L. Torner, and
S. Carrasco, J. Eur. Opt. Soc. 2, 07014 (2007).
[24] R. Fickler, R. Lapkiewicz, W. N. Plick, M. Krenn, C. Schaeff,
S. Ramelow, and A. Zeilinger, Science 338, 640 (2012).
[25] E. Karimi and E. Santamato, Opt. Lett. 37, 2484 (2012).
[26] W. N. Plick, R. Lapkiewicz, S. Ramelow, and A. Zeilinger,
arXiv:1306.6517 (2013).
[27] G. Nienhuis and J. Visser, J. Opt. A 6, S248 (2004).
[28] A. B. Mikhailovskii, V. P. Lakhin, G. D. Aburdzhaniya, L. A.
Mikhailovskaya, O. G. Onishchenko, and A. I. Smolyakov,
Plasma Phys. Control. Fusion 29, 1 (1987).
[29] M. M. Salomaa and G. E. Volovik, Rev. Mod. Phys 59, 533
(1987).
[30] V. V. Dodonov and V. I. Mank’o, Invariants and the Evolution
of Nonstationary Quantum Systems (Nova Science, New York,
1989).
[31] C. Cohen-Tannoudji, B. Diu, and F. Laloe¨, Quantum Mechan-
ics (Wiley, New York, 2006).
[32] L. L. Sa´nchez-Soto, A. B. Klimov, P. de la Hoz, I. Rigas,
J. ˇReha´cˇek, Z. Hradil, and G. Leuchs, Phys. Rev. A 88, 053839
(2013).
[33] F. Hong-Yi and J. R. Klauder, Phys. Rev. A 49, 704 (1994).
[34] R. Lynch, Phys. Rep. 256, 367 (1995).
[35] L. C. Biedenharn, J. Nuyts, and N. Straumann, Ann. Inst. Henri
Poincare´ 3, 13 (1965).
[36] C. C. Gerry, Phys. Rev. A 31, 2721 (1985).
[37] B. Yurke, S. L. McCall, and J. R. Klauder, Phys. Rev. A 33,
4033 (1986).
[38] V. Buzˇek, Phys. Rev. A 39, 3196 (1989).
[39] A. Vourdas, Phys. Rev. A 45, 1943 (1992).
[40] M. Ban, Phys. Rev. A 47, 5093 (1993).
[41] C. Brif and A. Mann, Phys. Rev. A 54, 4505 (1996).
[42] C. C. Gerry, S. C. Gou, and J. Steinbach, Phys. Rev. A 55, 630
(1997).
[43] G. S. Agarwal and J. Banerji, Phys. Rev. A 64, 023815 (2001).
[44] G. I. Mias, N. R. Cooper, and S. M. Girvin, Phys. Rev. A 77,
023616 (2008).
[45] A. M. Marino, N. V. Corzo Trejo, and P. D. Lett, Phys. Rev. A
86, 023844 (2012).
[46] A. Perelomov, Generalized Coherent States and their Applica-
tions (Springer, Berlin, 1986).
[47] E. Karimi, G. Zito, B. Piccirillo, L. Marrucci, and E. Santam-
ato, Opt. Lett. 32, 3053 (2007).
[48] A. O. Barut and L. Girardello, Commun. Math. Phys. 21, 41
(1971).
[49] K. Wo´dkiewicz and J. H. Eberly, J. Opt. Soc. Am. B 2, 458
(1985).
[50] R. Jackiw, J. Math. Phys. 9, 339 (1968).
[51] J. A. Bergou, M. Hillery, and D. Yu, Phys. Rev. A 43, 515
(1991).
[52] C. C. Gerry and R. Grobe, Phys. Rev. A 51, 4123 (1995).
[53] R. R. Puri and G. S. Agarwal, Int. J. Mod. Phys. B 10, 1563
(1996).
[54] P. Joanis, D. H. Mahler, and H. de Guise, J. Phys. A 43, 385304
(2010).
[55] H. Ui, Prog. Theor. Phys. 44, 689 (1970).
[56] D. J. Rowe, H. de Guise, and B. C. Sanders, J. Math. Phys. 42,
2315 (2001).
[57] E. Karimi, D. Giovannini, E. Bolduc, N. Bent, F. M. Miatto,
M. J. Padgett, and R. W. Boyd, Phys. Rev. A 89, 013829 (2014).
